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Zolotarev Elranch-Guide Couplers

RALPH LEVY

Absfracf—A new theory f or the design of branch-guide couplers,
whlchenables the designer to optimize theintemal impedance level,
is presented. This overcomes previous dhliculties associated with
design of branch-guide couplers for tight-coupling values. Results
are demonstrated for couplings as tight as 1.5 dB and give exact
agreement between computer predictions and measured results. The
theory was used to design a complex matched power divider employ-
ingmany branch-guide couplers of 14 different coupling values and
gave practical results in close agreement with theory.

INTRODUCTION

T

HE PRECISE theory of branch-guide couplers given

in [I] has been used as a basis for the accurate design

of practical couplers [2]. The coupling of a branch-

guide coupler may be predicted in practice within an error

that is probably less than that caused by tolerance variations.

Since the branch-guide coupler is also a very compact device,

this makes its use very attractive for many applications

where nonstandard coupling values, waveguide sizes, and fre-

quency bands are specified. The coupler may be designed

using a computer and manufactured from the dimensions so

obtained with complete confidence that it will work without

further empirical adjustments. The only exception that

should be made to this statements “providingt hat the main

line impedances are not significantly different from unity, and

the branch-guide impedances do not result in slots that are

much wider than about half the main waveguide width. ”

However, examination of the tables published in [I]

shows that for tight-coupling values, the normalized main line

impedances become quite large, e.g., approximatel:y 1.65 in

the central region of the coupler for 3-dB coupling. Addi-

tionally, the central branch or branches have normalized im-

pedances of approximately unity. This implies that 3-dB

waveguide couplers could not be successfully designed directly

from the values tabulated in [1]. The widths of the central

branches would be so wide that they would have a tendency

to overlap, or at best to leave only a thin metallic wall be-

tween branches. The situation becomes impossible if a cou-

pling tighter than 3 dB is required, e.g., O dB, as in [3]. Here

it is necessary to cascade two or three couplers, each indi-

vidually having looser coupling than the overall coupling,

e.g., two 8.34-dB couplers to obtain 3-dB coupling, or three

6-dB couplers to obtain O-dB coupling.

The disadvantage of this technique of cascading couplers

is that it gives a highly redundant nonoptimum design. Take

for example the design of a 3-dB coupler for a bandwidth

kQO/A,* = 1.3. Here the design band extends from guide wave-

lengths i,l through h~t, with loo being the midband guide

wavelength given by

2&71&12
kgo =

A*1 + A*2

(1)

The tables in [1] show that in order to obtain a directivity of

40 dB, then n = 6 branches are required, but the central nor-

Manuscript received July 10, 1972; revised September 13, 1972.

The author is with Microwave Development Laboratories, Inc.,

Natick, Mass. 01760.

‘u‘----aL2.2C::::-JJ--+
Zo=I b, b2 bn-l Z()=I.—— —

28

(a)

E-WALL
I I t

‘JI 1 72 ———— an
e

‘+---” b’-’‘;”
(b)

Fig. 1. (a) Even-mode two-port network. (b) Odd-

mode two-port network.

realized main line impedance is then approximately 2. TO

overcome this, it is necessary to cascade two 8.34-dB couplers,,

but each will still need to have 6 branches since a 5-branch

8.34 coupler has a directivity of only 36 dB. Hence, the over-

all coupler will have 11 branches (assuming that the two adja-

cent branches of each 8.34-dB coupler are combined to form

one branch). In addition to the length disadvantage, the first

branch guide has a normalized impedance of 0.04, which

gives a very narrow coupling slot in the smaller waveguide

sizes (e.g., 0.016 in for WR90, 0.9 XO.4-in internal dimen-

sions). Note that these difficulties do not exist in the case of

TEM proximity couplers, which have perfect directivity in

theory.

One way to overcome this problem of designing waveguide

branch-guide couplers having tight-coupling values might be

to revert to older approximate design techniques, as summa-

rized in [4]. However, the object of this paper is to present a

new exact method that overcomes all of the difficulties out-

lined above. It enables the designer to vary the internal im-

pedance levels and to compromise between these and the di-

rectivity and VSWR.

DISCUSSION OF PREVIOUS THEORY

The even- and odd-mode prototype two-port networks of

the branch-guide coupler are shown in Fig. 1. Each consists

of a cascade of shunt or series stubs of electrical length O

spaced by main lines of twice this length. The theory pre-

sented in [1] is based on the generalized rational Chebyshev

function

where

(2)

— (x) (3)– :(1 – /1 – XO’)T.-3 —
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and T. denotes the Chebyshev polynomial of the first kind

ofdegreen. Substituting

x = COS20 Xc = c0s2e. (4)

then Q-l is an equiripple function between% and (7r/2)-f4

on the 6 axis, as shown in Fig. 2. There are single-ordered

poles at integral multiple so fff/2!.

The even- and odd-mode functions I’tJT. and FO/ TO
(I’ denoting the reflection coefficient and T the transmission

coefficient) are obtained by multiplying function (2) by

2jK sin2 O and 2~K COS’ O, respectively. Here, to comply with

the theory given in [1], the even-mode network is defined

temporarily for the shunt stub case, which is matched at dc

rather than the dual series stub case appropriate to waveguide

branch-guide couplers. The above modifications to function

(2) result in [1, eq. (25), (29)]. For example, multiplication

by 2jK sin2 O forces a zero at $ =: O, as required by the shunt

stub even-mode network, and gives a function I’e/ Te having

the correct generic form to represent an n-stub, n.— 1 main line

network. Of course the I’/T functions are no longer equiripple

in the band e. <0< (7r/2) —Oc, but the sum and difference of

17. and I’o, representing the input reflection coefficient and

directivity, respectively, are approximately equiripple.

The reason for choosing the function (2) as a starting

point was to maximize the number of zeros in the design band.

It also ensures that the zeros of both 17e and I’o coincide

exactly.

NEW THEORY

An alternative approach described in [5] is to make both

I’e/ T. and rO/ To equiripple in the design band. If this is done

then the zeros of re and ro do not exactly coincide, and the

performance of the coupler is slightly less optimum, as dis-

cussed in [5]. The zeros of I’. and r. are not coincident be-

cause in general the zeros are not distributed with exact arith-

metic symmetry about the midhand O=r/4. However, small

deviations in the zeros of I’. and r. cause only slight loss in

performance, as shown in [5] for the case of a three-branch

coupler. This is true also for couplers of higher order, as

demonstrated later in this paper.

The new and more flexible design method is in fact to make

the I’/ T functions individually equiripple over the design

band. A disadvantage of this procedure when [1] and [5] were

written was that the explicit formula for the insertion loss
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Fig. 3. Characteristics of odd- and even-mode branch-guide

networks designed using Zolotarev functions.

function was not known. This has now been remedied

appearance of the generalized rational Zolotarev functions

described in [6]. The application to the synthesis of equi-

ripple functions appropriate to a cascade of commensurate

stubs spaced by double-length unit elements is given in greater

detail in [7]. The insertion loss function for the network

matched at dc (open-circuited shunt stubs or short-circuited

series stubs) is given in [7, fig. 4 and eq. (4)], and will not be

repeated here. The insertion loss function for the short-

circuited series stub case is shown by the odd-mode response

in Fig. 3. Now the even-mode response is complementary to

the odd-mode response, i.e., it is obtained by the transfor-

mation

coupler

by the

0+’. (5)

It is obvious that optimum performance will be obtained when

the passbands of the odd- and even-mode networks coincide;

that is, when 81+09 =7r/2. We see, however, that in the gen-

eral case the passband for the coupler extends from (7/2) —02

to f?z, and 01 represents a free parameter that may be varied

in order to change the impedance level within the coupler.

We would expect the overall coupler performance to deterio-

rate ifdl is made less than (rr/2) —fh because some of the avail-

able bandwidth present in the individual even- and odd-mode

networks is wasted. The zeros of the two networks become less

coincidental, and in extreme cases may even occur outside

the coupler passband.

THEORETICAL RESULTS FOR FIVE-BRANCH COUPLERS

In practice, however, the directivity and VS WR deterio-

rate only slowly as 01 is decreased, whereas the impedance

level undergoes rapid improvement. The effect is illustrated

in Table I, which gives the design and performance of several

Zolotarev branch-guide couplers, each having the same funda-

mental specification in respect of the number of branches,

midband coupling, and bandwidth. The specification chosen,

namely n = 5, hQO/hg2 = 1.2, and 3.07-df3 coupling, is given

approximately in [1], where for 3.O-dB midband coupling the

directivity is 45.6 dB and the VSWR is 1,008, These are the
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TABLE I

PERFORMANCE AND ELEMENT VALUES on

ZOLOTAREV BRANCH-GUIDE COUPLERS

T ?

lolotarev
Dlrec- V6WR Branch Guide Impedances

Main line

Lower
tivity

Impedances
angle

(dB)
(d~~rees) al a2 a3 bl b2

36 45.6 1.008 0.1058 0.5747 1.2207 1.2121 1.8053

33 42.9 1.010 0.1309 0.4820 0.7930 1.1176 1.3915

30 42.0 1.011 0.1438 0.4296 0.6153 1.0604 1.1896

27 40.5 1.013 0.1513 0.4010 0.5329 1.0243 1.0808

24 38.0 1.018 0.1547 0.3820 0.4876 0.9998 1.0154

N=5; midband coupling =3.07 dB; h~o/&2=l.2; coupling at band

edges =2.54 dB; Zolotarev upper angle f3Z=54°.

same values given by the 3.07-dB design with Ol==36° (the

electrical optimum) in Table I. The design given in [I] is

slightly better physically than the Zolotarev design with

01=36°, for the largest main line impedance is 1.681 com-

pared with 1.8053. However, the advantage given in the

Zolotarev design by the flexibility in the choice of 191is seen by

inspection of the other designs in Table I. Thus reducing Ol

from 36° to 30° gives only 3.6-dB reduction in directivity and

negligible increase in VSWR, but the central main line im-

pedance drops to 1.1896. This is accompanied by an increase

in the smallest branch guide from 0.1058 to 0.143S and a

reduction inthelargest branch-guide impedance from 1.2207

to 0.6153. The 30° coupler can be accurately designed in prac-

tice. The electrically optimum 36° coupler probably cannot.

Similar results are obtained for any other values ofn, band-

width, and coupling.

The design process requires access to a computer program

that forms the Zolotarev prototype networks. For a given

number of branches and upper and lower electrical lengths Ol

and%, the problem is then to choose the prototype VSWR so

that the desired value of midband coupling is obtained. Since

the midband coupling is an elementary function of the transfer

matrix parameters for either the even- or odd-mode prototype

networks, and since these parameters are formed clirectly in

the synthesis technique, it is simple to print out the value of

midband coupling for any value of prototype VSWR. It is

possible to home on to the correct value of VSWR rather

quickly, or’ this may be performed automatically within the

program by simple iteration.

PRACTICAL RESULTS WITH APPLICATION TO

MATCHED POWER DIVIDER DESIGN

Some of the most interesting results of the new theory

were obtained when it was applied to design branch-guide

couplers used in a complex matched power divider network.

This was constructed in reduced height WR284 waveguide

having internal dimensions of 2.840X0.400 in. It should be

noted immediately that the reduced height makes it slightly

simpler to realize tight coupling because the absolute internal

impedance level is reduced. However, this makes no differ-

ence to the relative impedance levels within the coupler, and

the problem of central branches breaking into one another

remains. Results equally as good as those presented here have

been obtained with couplers constructed iri normal height

waveguide.

The power divider consisted of 23 subassemblies of 13 dis-

tinct types each having three-, four-, or five-way power divi-

sion. The output port couplings were nonstandard, e.g., 3.59,

4.95, 7.85, and 11.08 dB in a typical case. It was necessary to

design no less than 14 different 4-port directional couplers

having couplings varying from 1.52 dB through 8.51 dB. The

tolerance on power division for the power dividers was depen-

dent on the coupling, but for the tightest coupled ports of

around 4-dB nominal coupling, the allowable deviation from

nominal was ~0.25 dB with a coupling flatness of i-O.l dB

over the specified frequency band of 3. 1–3.5 GHz. This was

relaxed to ~ 1.0 dB and t 0.4 dB, respectively, for couplings

above 13 dB. Restricted space limitations dictated the use of

short slot or branch-guide couplers. The latter type was

selected because currently it is the only type of waveguide

directional coupler that can be designed by nonempirical

means to have accurately predictable coupling and other

characteristics [2].

Six of the individual branch-guide couplers were con-

structed and tested as individual units, and the results for

coupling are shown in Fig. 4. The couplers consisted of four or

five branches and were designed on the Zolotarev function

theory using internal impedance optimization, as described in

this paper. The measured results are in good agreement with

the computed theory in most cases. The 6. 16-dB coupler was

later discovered to have been made with slightly inaccurate

dimensions, which explained the coupling error of 0.25 dB.

The 4.3-dB and 3.59-dB couplers were measured using an

accurate single-frequency technique, and they show the best

agreement between theory and experiment. The other mea-

surements were made at an independent laboratory using a

computer-controlled network analyzer. Clearly these results

suffer from a random error of approximately f 0.1 dB, since

there can be no ripple of this magnitude in the coupling of a

well-matched branch-guide coupler of high directivity. The
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VSWR was generally better than 1.05 and the directivity

greater than 20dB, typically approximately 30dB.

The measured characteristics of a four-way power divider

are shown in Fig. 5. The insert indicates that the power di-

vider consists of three branch-guide couplers of 2.38-, 4.92-,
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and 6. 16-dB nominal coupling. The measured results at the

four output ports are within the specified toleration devia-

tions from nominal and flatness of coupling, which was the

case for all of the various power divider assemblies. Similar

characteristics for a five-way power divider are shown in Fig.

6. It is interesting to note how the coupling variation at any

output port depends on the particular path taken by the sig-

nal. For example, this explains why the coupling to port 3 of

the five-way power divider is so flat, the signal reaching this

port by coupling “across” the 1.52-dB coupler but “through”

the 3. 12-dB coupler, hence being attenuated by couplings

whose frequency characteristics tend to cancel. Ports 2 and 4

of this assembly each have 6-dB nominal coupling, and the

shape of the coupling characteristics in these cases may be

explained on a similar basis.

The couplers and power dividers were constructed in

aluminum and their physical form and construction is indi-

cated in Fig. 7. All 23 power dividers met specification with

no empirical adjustments being required. This is an example

of how precise computer design for components facilitates

design of a complex assembly.

CONCLUSIONS

Branch-guide couplers having tight-coupling values may

be designed directly, without cascading two or more couplers

of looser coupling, by using the new design theory based on

Zolotarev functions. This method enables the internal imped-

ance levels of the main lines and branch guides to be opti-

mized so that they may be physically constructeci, and this

A Least-Squares Boundary

Numerical Solution of

may be carried out with very little theoretical deterioration in

directivity and VSWR. Almost perfect correlation between

theory (taking junction effects into account) and experiment

has been obtained in measurements performed on over 100

branch-guide couplers. The design of a complex matched

power divider network direct from computer programs to

hardware was described with complete agreement between

computations and measured results.
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Residual Method for the

Scattering Problems

J. BRIAN DAVIES

Abstract—An explicit least-squares criterion is put forward as an

alternative to the point-matchmg method of numerically solving
scattering problems. While being an established method of func-
tional approximation, it has been largely ignored in numerical ap-
proaches to electromagnetic scattering.

In contrast to point matching, the least-squares approach has a
rigorous proof of convergence. An electric/magnetic weighting f act or
is found useful in opt~lzing convergence. Finally, it al[lows use of
perhaps the fastest and most compact matrix inversion algorithm.
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I. INTRODUCTION

A

NEW NUMERICAL approach is proposed for solv-

ing problems of electromagnetic wave scattering. Its

justification and potential is described mainly by

comparison with the point-matching (or collocation) method,

which has received much attention lately.

In point matching, Fourier matching, and the proposed

least-squares approaches, advantage is taken of the fact that

one can easily satisfy the differential equations of the prob-

lem. By using, over each of a number of regions, truncated

series from complete expansions, the problem is reduced to

satisfying boundary conditions (and possibly edge or radiation


